VANISHING RESONANCE AND REPRESENTATIONS OF 

LIE ALGEBRAS 



STEFAN PAPADIMAi AND ALEXANDER I. SUCIU^ 



Abstract. We explore a relationship between the classical representation theory of 
a complex, semisimple Lie algebra g and the resonance varieties TZ{V, K) C V* at- 
tached to irreducible 0-modules V and submodules K G V A V . In the process, we 
give a precise roots- and- weights criterion insuring the vanishing of these varieties, or, 
equivalently, the finiteness of certain modules VV(y, K) over the symmetric algebra on 
V. In the case when g = sl2(C), our approach sheds new light on the modules stud- 
ied by Weyman and Eisenbud in the context of Green's conjecture on free resolutions 
of canonical curves. In the case when g = s[n(C) or sp2g(C), our approach yields a 
unified proof of two vanishing results for the resonance varieties of the (outer) Torelli 
groups of surface groups, results which arose in recent work by Dimca, Hain, and the 
authors on homological finiteness in the Johnson filtration of mapping class groups and 
automorphism groups of free groups. 
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1. Introduction 

1.1. Koszul modules and resonance varieties. We start with a simple, yet very gen- 
eral construction. Let 1^ be a non-trivial, finite-dimensional complex vector space, and let 
K C V AV he a. subspace. To these data, we associate two objects: 
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• The Koszul module, W(y, K), is a graded module over the symmetric algebra 5* = 
Sym(y), given by an explieit presentation involving the third Koszul differential 
and the inclusion map of K into V /\V . 

• The resonance variety, TZ{V, K), is a homogeneous subvariety inside the dual vector 
space V* , consisting of all elements a G V* for which there is an element b G V*, 
not proportional to a, such that a A b belongs to the orthogonal complement 
K-^ CV* A V*. 

These two objects are closely related: at least away from the origin, the resonance variety 
is the support of the Koszul module. 

We investigate here conditions insuring that the resonance variety vanishes, i.e., that 
the Koszul module is finite-dimensional over C. It is easily seen that TZ{V, K) — {0} if 
and only if the plane W'{K^) misses the image under the Pliicker embedding in V{V* A V*) 
of the Grassmannian of 2-planes in V* . Thinking of -ftT as a point in the Grassmannian 
of TO-planes inV AV , where m = dimiC, we prove in Propositions 2.6, 2.7, and 2.10 the 
following result. 

Theorem 1.1. For any integer m with < m < (2), where n = dimV, the set 
Un,.n = {K e Gy„,{V a V) I n{v, K) = {0}} 

is Zariski open. Moreover, this set is non-empty if and only if m >2n — 3, in which case 
there is an integer q — qin, m) such that Wq{V, K) = 0, for every K G Un.m- 

1.2. Roots, weights, and vanishing resonance. After these general considerations, 
we narrow our focus, and analyze in detail the case when the vector spaces V and K are 
representations of a complex, semisimple Lie algebra g. To start with, we fix a Cartan 
subalgebra f) C g and a set of simple roots Act)*, and we denote by ( , ) the inner product 
on [)* defined by the Killing form. 

Let V = V{X) be an irreducible g-module corresponding to a dominant weight A. 
We then give in Lemmas 3.4 and 3.5 a simple criterion for the existence of irreducible 
summands with certain prescribed weights in the second exterior power of V . 

Theorem 1.2. The representation V{\)AV{\) contains a direct summand isomorphic to 
V(2X — P), for some simple root (3, if and only if (A, /?) 7^ 0. 

Returning now to the main theme, we give in Proposition 4.1 and Theorem 4.6 two very 
precise criteria that relate the vanishing of the resonance varieties associated to g-modules 
as above to the roots and weights of the Lie algebra g. To summarize these criteria, recall 
that each simple root /3 G A gives rise to elements xp,y[) eg and hp £ t) which generate 
a subalgebra of g isomorphic to s[2(C). 

Theorem 1.3. Let V = ^(A) be an irreducible Q-module, and let K C V A V be a 
submodule. Let V* = ^(A*) be the dual module, and let vx* be a maximal vector for V* . 

(1) Suppose there is a root f3 d A such that (A*,/3) 7^ 0, and suppose the vector 
vx" A ypvx' (of weight 2X* - (3) belongs to K^. Then TZ{V, K) ^ {0}. 

(2) Suppose that 2A* ~ /3 is not a dominant weight for K^, for any simple root (3. 
Then n{V,K) = {0}. 

As a special case of this theorem, we single out in Corollary 4.7 the following situation. 
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Corollary 1.4. Suppose each irreducible summand of K appears with multiplicity 1 in 
V* AV* . Then TZ{V, K) = {0} if and only if 2A* ~ (3 is not a dominant weight for K-^ , 
for any simple root (3 such that (A*, /3) 7^ 0. 

In the case when g = s[2(C), all irreducible representations are of the form Vn = 
V{nXi), for some n > 0, where Vi is the defining representation. Moreover, A Ki 
decomposes into multiplicity-free irreps of the form V2„_2-4j", with j > 0. The modules 
W{n) = yV{Vn, V2n-2) havc been studied by J. Weyman and D. Eisenbud, in an attempt 
to establish an improved version of a conjecture of M. Green regarding the syzygies of 
canonically embedded curves, see [4]. 

In Corollary 5.3, we recover and strengthen a result from [4], as follows: For any 5(2 (C)- 
submodule K C VnAVn, the corresponding Koszul module W(T4,, K) is finite-dimensional 
over C if and only if yV{Vn,K) is a quotient of W{n). The determination of the Hilbert 
series of these graded modules remains an interesting open problem. 

1.3. Alexander invariants, resonance, and Torelli groups. We switch now to in- 
variants associated to a finitely generated group G. Set V = Hi{G,C), identify V* = 
i?^(G, C), and declare K-^ to be the kernel of the cup-product map, Uq- V* AV* 
H'^{G, C). In this case, the variety TZ{G) = TZ{V, K) coincides with the first resonance va- 
riety of the group. Moreover, the Koszul module, 03 (G) = W(V, K), can be thought of as 
an infinitesimal version of the classical Alexander invariant, B{G) = Hi{G' , C), viewed as 
a module over the group algebra C[Gab], or its reduced version, B{G), viewed as a module 
over C[Gab/ Tors(Gab)]- The I-adic associated graded objects, gi\B{G) and gr, i?(G), are 
both graded modules over the polynomial algebra Sym(y). 

Let Aut(G) be the automorphism group of G, and let Out(G) — Aut(G)/ Inn(G) be its 
outer automorphism group. The Torelli group, Tg, is the kernel of the natural homomor- 
phism Out(G) — >■ Aut(Gab) which sends an (outer) automorphism to the induced map on 
the abelianization. Using our machinery, we give a unified proof of two key results from 
[2] and [15] concerning vanishing resonance for the Torelli groups of surface groups, and 
recover some additional information on their Alexander invariants. 

First, we consider the free group on n > 4 generators; its Torelli group, 0A„ ~ 7f„j 
is finitely generated. Work of Andreadakis, Cohen-Pakianathan, Farb, and Kawazumi 
shows that the natural action of GL„(Z) on iJi(OA„,Z) defines an irreducible s[„(C)- 
module structure on V = 7?i(0A„,C). Furthermore, work of Pettet [Ki] identifies V* 
with V{Xi + Xn-2) and = ker(UoA„) with V{Xi + A„_2 -I- A„_i), where Ai, . . . , A„_i 
are the fundamental dominant weights for 5[„(C). With this notation, we prove in Theorem 
7.1 and Corollary 7.3 the following result. 

Theorem 1.5. For each n > A, the resonance variety 7^(0A„) = TZ(V,K) vanishes. 
Moreover, dimW(y, K) < 00 and dimgr^ S(OA,i) < diTaWqiV, K), for all q>0. 

Next, we consider the fundamental group of a Riemann surface of genus .g > 3. The 
corresponding Torelli group, Tg = 7^i(Sg)j is known to be finitely generated. Work of 
D. Johnson [I i] shows that the natural Sp2g(Z)-action on Hi{Tg, Z) defines an irreducible 
sp2g(C)-module structure on V = Hi{Tg,C). Work of Hain [7] identifies V* with ^(As) 
and with y(2A2) ® ^(0), where Ai, . . . , Ag are the fundamental dominant weights for 
5p2g(C). In Theorem 7.4 and Corollary 7.6, we prove the following result. 
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Theorem 1.6. For each g > 4, the resonance variety TZ{Tg) ~ TZ{V^K) vanishes. More- 
over, if g >6, then dim 5(7^) = dimWiV, K) < oo. 

2. KOSZUL MODULES AND RESONANCE VARIETIES 

2.1. Koszul modules. Let ^ be a non-zero, finite-dimensional vector space over C. Let 
S = Sym{V) be the symmetric algebra on V, let /\V he the exterior algebra on V, and let 
(S®cf\ V, be the Koszul resolution, where the differential Sp : S'0c ^ ~^ S^c/\^~^ V 
is the 5'-linear map given on basis elements by 

p 

(1) Sp{v^, A • • • A WjJ = "^{-ly^^v,^ {v^^ A • • ■ A A • • ■ A 

Definition 2.1. The Koszul module associated to a linear subspace K 'Z V A V is the 
^-module W{V, K) presented as 

(2) S®c{K^V®K) . S®cK^V ^W{V,K), 

where the group /\'^ ^ is in degree 1, the groups K and V are in degree 0, and l: K ^ 
V AV is the inclusion map. 

Alternatively, we may write 

(3) W{V,K) ^ im(52)/im((52 o (id0t))- 

The 5-module W = WlV^K) inherits a natural grading from the free ^-module 5 ®c 
/\^ V\ we wiU denote by Wq its q-th graded piece. 

Remark 2.2. Note that W is generated as an 5- module by its degree piece. Wo = 
{V A V)/K. Thus, the 5'-module >V(y,if) is a finite-dimensional C- vector space if and 
only if there is an integer (7 > such that 'Wq{V, K) = 0. 

The above construction enjoys some nice functoriality properties. For instance, suppose 
{V A V\ K') is another pair of vector spaces as above, and suppose there is a linear map 
ip:V such that Lp A Lp: V AV V AV' takes K to K' . Write 5" = Sym(y'): and 

let Sym(i^) : 5 ^ S" be the induced ring morphism. The commuting diagram 

(4) S®c{K^V®K) ^ S®cK^V ^W{V,K) 



I 

y 



S' ®c {A'V® K') ^ S' ®c A' V ^ W{V\ K'). 

defines a Sym((/j)-equivariant map W((^) between the respective Koszul modules. Note 
that, if If is surjective, then Wlf) is also surjective. 

2.2. Resonance varieties. Let V* = Homc(V,C) be the dual vector space, and let 
K-^ 'ZV*AV* = {VAV)*he the linear subspace consisting of all functionals that vanish 
identically on the subspace K (ZV AV . 

Definition 2.3. The resonance variety associated to the pair {V A V,K) is defined as 
(5) TZ{V, K) = {aeV* \ 3h eV* such that a A 6 ^ and a A G /v ^} U {0}. 
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It is readily seen that TZ{V, K) is a conical, Zariski-closed subset of the afBne space 
V*. For instance, if K = and if dimF > 1, then Tl{V,0) ~ V*. At the other extreme, 
n{V,V AV) ^ {0}. 

This construction also enjoys some pleasant functoriality properties. For instance, 
suppose if : V V' is a surjective linear map inducing a morphism from {V A V, K) 
to {V A V',K'). Then, the linear map (p* : (V')* V* restricts to an embedding 
TZlip) : TZ{V', K') ^ 'R-{V, K) between the respective resonance varieties. 

After identifying the ring S = Sym(V^) with the coordinate ring of V* , we may view 
the support of the ^-module W{V,K) as a subvariety of the affine space V* . The next 
lemma connects this support variety to the resonance variety of the pair {V A K). 

Lemma 2.4. Let K C_ V AV be a linear subspace. Then: 

(1) Away from the origin, TZ{V,K) = supp(W(V^, A')). 

(2) dimcyV(F, AT) < oo if and only ifn{V,K) = {0}. 

Proof. Let 6p{a) : /\^ V — !> A''^^ ^ be the evaluation of the p-th Koszul differential at a 
non-zero element a £ V*. Using formula (3) and the usual description of support in terms 
of Fitting ideals, we deduce that 

(6) a £ supp(W(V^, A')) dimc(im(52(a))/im(52(a) o 0) > 1- 

Let S*{a) be the transpose of the matrix dp{a). Direct calculation shows that (JJ (a) : V* 
V* A V* is the map b i-^ a Ab. Hence, 

(7) a£n{V,K) <=»dimc(kcr(7roJ*(a))/ker((55(a))) > 1, 

where tt: V* AV* ^ (V* A V*)/K^ is the canonical projection. 

Upon identifying the matrix of tt with the transpose of the matrix of t, part (1) follows 
by comparing formulas (6) and (7). Finally, part (2) follows from part (1) by standard 
commutative algebra. □ 

2.3. Grassmannians and resonance. As usual, let A' C F A F be a linear subspace. 
Setting m = dim A', we may view AT as a point in the Grassmannian GrmiV A V) of 
m-planes in V AV, endowed with the Zariski topology. 

Now let £V* AV* be the orthogonal complement. Then P(A'^) may be viewed as 
a codimension m projective subspace in f'iV* AV*). 

Lemma 2.5. Let Gr2(V^*) P(F* A V*) be the Pliicker embedding. Then, 

TZ{V, K) = {0} ^ P(A'^) n Gr2(y*) = 0. 
Proof. Follows straight from the definition of resonance. □ 

Now denote the dimension of by n, and fix an isomorphism V = C". Consider the 
following subset of the Grassmannian of m-planes inV AV = 

(8) C/„,™ = {A- £ Gr™(l/ A V) \ n{V, K) = {0}}. 

Proposition 2.6. For any integer m with < m < (2), where n = dimV^, the set Un,m 
is a Zariski open subset of Gr„j(V^ A V). 
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Proof. Let Gr"^{V* AV*) be the Grassmannian of codimcnsion ni planes in V* AV*. In 
view of Lemma 2.5, under the isomorphism Grm{V A V) ^ Gi:"^{V* A V*), K ^ K^, 
the set Un,m corresponds to the set 

(9) U^' = {K^ eGT"'{V* AV*) |P(i^^)nGr2(F*) = 0}. 

Clearly, is the complement in Gi™{V* A V^*) to the set of codimension m planes 
incident to Gr2{V*). As is well-known (see e.g. [8]), this latter set is Zariski closed. The 
desired conclusion follows at once. □ 

The next result identifies the threshold value of m (as a function of n) for which the 
set Un.m is non-empty. 

Proposition 2.7. With notation as above, 

Un.m 7^ ^S=> m >2n — ?>. 

Proof. The Grassmannian variety G = Gr2(C") may be viewed as a smooth, irreducible 

subvariety of the projective space P = P(C(S)). Thus, iiW = V{f) is a hypersurface in 
P, then dim(G fl W^) > dim(G) - 1, with equality achieved if / ^ /(G). 
Let K = fi^K-^) be a codimension m projective subspace in P. Then 

dim(G n K) > dimG - codiniK = 2(n - 2) ~ m. 

Thus, if m < 2n - 3, then dim(G n K) > 0, and so G n K 0, showing that K ^ 

Now suppose m > 2n — 3. Then, there is a codimension m projective subspace IK C P 
which intersects G in the empty set. Thus, K G C/„.m- D 

2.4. The graded pieces of a Koszul module. As before, let C T/AT^ be a subspace, 
and let (IV* A V* be its orthogonal complement. Set 

(10) A{V,K) ^ /\V* /iAea\{K^). 

Clearly, A = A{V, K) is a finite-dimensional, graded-commutative C-algebra; moreover, A 
is quadratic (i.e., it has a presentation with generators in degree 1 and relations in degree 
2), and satisfies = 0, for all a e A^. 

Using a result of Froberg and Lofwall [5, Theorem 4.1], as recast in [14, Proposition 
2.3], as well as [13, Theorem 6.2], we may reinterpret the (duals of the) graded pieces of 
the Koszul module W(y, K) in terms of the linear strand in an appropriate Tor module. 

Proposition 2.8. For all q > 0, 

W,{V, K)* - Tor^VV {A{V, K), C),+2. 

Example 2.9. Suppose the subspace K (-V AV admits a monomial basis, that is to say, 
suppose there is a basis V = {wi, . . . , v„} for V and a subset E C (2) such that the set 
{vi A Vj I {i,j} G E} is a basis for K. Then the algebra A{V,K) is the exterior Stanley- 
Reisner ring associated to the graph F with vertex set V and edge set E. Using Proposition 
2.8, we showed in [14, Theorem 4.1] that the Hilbert series of the graded module yV(F, K) 
is given by 

00 

(11) ^dimWg(F,7^)t«+2 = Qr 

9=0 
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Here, Qrit) ~ J2j>2'^j(^)^'' "'^^^ polynomial" of F, with coefBcient Cj{T) equal 

to X^wcV: lw|=j ^o(rw), where 6o(rw) is one less than the number of components of the 
full subgraph on W. 

2.5. A vanishing range. Now suppose the subspace K belongs to the Zariski open set 
Un,m ^ Gim{V A V) from (8). Then, as we shall show in the next proposition, all the 
graded pieces of the Koszul module VV(F, K) vanish beyond a range which depends only 
on the integers n ~ dimV^ and m = dim if. 

Proposition 2.10. For each m > 2n — 3, there is an integer q = q{n,m) such that 
K) = 0, for every K G C/„,„. 

Proof. For each q > Q, consider the following subset of the Grassmannian of jTi-plancs in 
V AV: 

(12) Ul„, = {A' e Gr™(y A V) \ W,{V, K) = 0). 

By definition, the vector space 'Wq{V, K) is the cokernel of a matrix whose entries depend 
continuously on the m-plane K C V AV . Thus, the set [/^ where those matrices have 
maximal rank is a Zariski open subset of GimiV A V). 

Now, Lemma 2.4(2) and definitions (8) and (12) together imply that 

(13) c/„,„, = y ui„,. 

q>0 

Since the graded Sym(y)-module yV(y, i^) is generated in degree zero, the union in (13) 
is an increasing union. 

Putting things together, we conclude that Un^m is an increasing union of Zariski open 
sets. Thus, there must exist an integer q (depending on n and m) such that „j = Un,m- 
This finishes the proof. □ 

For instance, if (2) — m < 1, then q{n,m) ~ (2) — m. In general, though, the determi- 
nation of the integer q(n, m) seems to be a challenging, yet interesting problem. We will 
come back to this point in Section 5. 

3. Some representation theory 

In this section, we analyze the decomposition into irreducible summands of the second 
exterior power of an irreducible representation of a complex, semisimplc Lie algebra. 

3.1. Semisimple Lie algebras. We start by reviewing some basic notions from [!)]. Let 
g be a finite-dimensional, semisimple Lie algebra over C. A choice of Cartan subalgebra, 
f) C 0, yields a root system for g: by definition, this is the set $ C f)* of eigenvalues of the 
adjoint action of f) on g. 

The Killing form defines an inner product, ( ,) on t). It also sets up an isomorphism 
[) = f)*, which gives by transport of structure an inner product on I}*, denoted also by ( , ). 
Given a,P G f)*, write 

Inside the root system $, fix a set of positive roots $+, and let A C <f>+ be the 
corresponding set of simple roots. This choice determines the Cartan decomposition, 
0" ® f) ® 0+. 
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Note that t)* = f}Q (g)Q C, where ()q is the Q-vector space spanned by A. Define the 
height function, ht: f)Q ^ Qi a-s the Q-linear function given by ht(a) = 1 for every a € A. 

Inside the rational vector space \)q, there are two subsets worth singling out: the integral 
weight lattice. A, defined as 

(15) A = {A G t)Q I (A,a) e Z, for ah a e A}, 
and the positive cone, C^, defined as 

(16) C+ = |7 e fiQ I 7 = X! ^'^'^^ ^ Z>o j- 

Clearly, C C+. The positive cone defines a partial order on the weight lattice A: we 

say v ^ T ii T — 1/ Cz . 

3.2. Irreducible representations. Let A+ C A be the set of dominant weights, defined 

by 

(17) A e A+ (A, a) e Z>o, Va G A. 

This set parametrizes all finite-dimensional, irreducible representations of the Lie alge- 
bra q: for each dominant weight A G A"*", the corresponding representation is denoted by 
V^(A). A non-zero vector v G V{X) is said to be a maximal vector (of weight A) if g+ - v = 0. 
Such a vector is uniquely determined (up to non-zero scalars), and will be denoted by v\. 

The dual representation, V{X)* , can be written as ^(A)* = V{X*), for a unique weight 
A* G A+. We will denote a maximal vector for V{X*) by vx-. 

Given a finite-dimensional g-module U, we associate to it two sets of weights, as follows. 

Definition 3.1. The set of dominant weights occurring in U is 

Weight"'' ([/) = {/i G A+ I U contains a summand isomorphic to F(/i)} 

Denote by the eigenspace of the ()-action on U, with eigenvalue /x. 

Definition 3.2. The set of weights occurring in U is 

Weight(C/) = {neA\U,,^ 0}. 

It follows from the definitions that Weight^ (t/) C Weight([/). When viewed as an 
f)-module by restriction, U decomposes as 

(18) U= U,,. 

AiGWoiglit(C/) 

Now fix a dominant weight A G A+, and consider the "highest weight" g-module U = 
V{X). Set mxifi) = dimF(A)^. Clearly, 

(19) ^l G Weight(V^(A)) <=> mx{^i) > 1. 
Furthermore, mx{X) = 1. A basic fact in the theory insures that 

(20) Weight(V^(A)) C {r G A | t r< A}. 

Let us now record a well-known formula, due to H. Freudenthal (see [9], p. 71 and 122). 
Set (5 = i Eae<[.+ 
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Lemma 3.3. Let ^ e Wcight(y (A)). If fi^ X, then {X + S, X + S) ^ {fi + 5, ^ + 5) and 

mx{^i)■[{x + 6,x + s)-{^l + 6,^l + 6)] = 2 J2 + • (^ + -^'"'")- 

3.3. A weight test. Now fix a dominant weight A G A+, and set V = V'(A). Let V (E)V 
be the tensor product representation, and let V AV C V (E)V he the alternating product 
sub-representation. We then have: 

(21) Weight+ {V AV)g Weight+ {V (g) V) 

g Weight(y y) = {fi' + fi" I fi', fi" G Weight(y)}. 

Lemma 3.4. Let /3 £ A be a simple root, and let V — V(X) be an irreducible representa- 
tion. If2X-l3 e Weight+(y A V), then (A, 13)^0. 

Proof. From the hypothesis and (21), we see that 2A — /3 = /i' + /i", for some G 
Weight(y). In turn, ^' = A - 7' and /i" = A - 7", for some 7', 7" G C+. Therefore, 
2A - ^ = 2A - (7' + 7"). Thus, ht(7') + ht(7") = 1, which forces, say, 7" = and 
7' = ^ G A. 

Consider the vector /i := A — /?. Then = ^' G Weight(T^). Clearly, /i 7^ A. By Lemma 
3.3, 

(22) J2 H ™A (m + ja) ■ (Ai + ja, a) + 0. 

For a fixed a G and j > 1 in the above sum, the condition m\{[i + ja) ^ is 
equivalent to /i + ja G Weight (y), which in turn implies 

(23) A - (/? - ja) = A - 7, for some 7 G C+. 

Hence, P—ja ~ 7, and so ht(7)+j ht(Q;) = 1. But ht(Q;) > 0, since a G and ht(7) > 0, 
since 7 G Consequently, we must have 7 = and j ~ \. From (23), then, we have 
that a = 13. 

It follows that the double sum from (22) collapses to a single term, namely, m\{fi + /3) ■ 
{fi + 13, 13). Recalling now that /i + /3 = A, we conclude that (A, /3) 7^ 0. □ 

3.4. A decomposable msLximal vector. For every a G there exist elements Xa,ya G 
and ha £i) such that {xa, ya,ha} = s[2(C). We refer to [9, Lemma 21.2] for basic com- 
mutation relations among those elements. In particular, [xa,yi3] = 0, for all distinct 
a,/3 G A. Recall that g+ is the subspace generated by {.Tq, : a G 

Let A G A+ be a dominant weight, and let vx be a maximal vector for V{X). Given a 
simple root /3 G A, let A'(A, /3) be the g-invariant subspace of T^(A) A V{X) spanned by the 
vector vx Aypvx. 

Lemma 3.5. Let /3 G A 6e a simple root, and let V ~ be an irreducible rep- 

resentation, with maximal vector vx. If {X, (3) ^ 0, then vx A ypvx is a maximal vec- 
tor for K{X,l3). In particular, K{X,j3) is an irreducible Q-module, of highest weight 
2A-/3 G Weight+(V"AF). 

Proof. Set fi := 2X — (3, and consider the vector ypvx G y{X). Since xpvx = 0, we have 
that 

(24) xi3ypvx = hpvx = X{hfi)vx=2j^^^vx^Q, 
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and thus 7^ 0. Moreover, the vector y^vx has weight A — /3 7^ A. Thus, vx and ypv\ 
are Hnearly independent in V{\). 

Now set ~ v\f\ypv\. By the above, k^^Q. Note that A;^ has weight A+ (A — /3) = ^. 
To check the remaining condition for maximahty, that is, Q^k^ = 0, it is enough to show 
that Xak^ = for all a G A. If /3 7^ a, then \xa-,yp\ = 0, and so Xak^ = v\ /\ ypXaVx = 0. 
Moreover, xpk^ = vx A x^ypvx = 0, by (24). 

Thus, kfj_ is a maximal vector (of weight /i) for K{X, (3). In other words, A'(A, /3) = V^(/^), 
and we conclude that /x e Weight^ (1/ t\V). □ 

4. Weights and resonance 

In this section, we prove our main results concerning the resonance varieties associated 
to suitable representations of complex semisimple Lie algebras. 

4.1. A non- vanishing criterion. We start with a test insuring that the resonance variety 
associated to a g-invariant subspace K <Z V A V does not vanish. 

Let V = V^(A) be an irreducible g-module, corresponding to a dominant weight A G A+, 
and let vx be a maximal vector in V. Given a simple root /3 G A, recall that K{X,l3) 
denotes the g-invariant subspace of V AV spanned by the vector vx Aypvx- 

Proposition 4.1. Let K C V A V be a Q-invariant subspace. Suppose 3 K{\* ,(3), 
for some /3 G A with (A*, /3) 7^ 0. Then vx* belongs to TZ{V, K). 

Proof. Since (A*, /3) 7^ 0, Lemma 3.5 guarantees that the g-modulc A'(A*, (3) is irreducible, 
and has maximal vector vx* A ypvx* , of weight 2A* — /?. Thus, vx* A ypvx* is a non-zero 
element in K^. Therefore, vx- G H{V{\),K). □ 

4.2. Maximal vectors in resonance varieties. We record now a basic symmetry prop- 
erty enjoyed by resonance varieties. 

Lemma 4.2. Let G be a group, and let p: G — > Gh{V) be a finite- dimensional represen- 
tation. Let K C V A V be a G-invariant subspace. Then, the corresponding resonance 
variety, TZ{V,K), is a G-invariant subset of V* . 

Proof. Let a G be a non-zero clement of TL{V,K). By definition, this means there is 
an element b €V* such that a Ab ^0 and a A 6 G K-^. 

Now let g be an element of G. Since G acts diagonally on V* AV*, and since is a 
G-invariant subspace of V* AV*, we have that gaAgb^O and gaAgbe . This shows 
that ga G TZ{V, K), and we are done. □ 

Next, we recall a lemma from [2]. 

Lemma 4.3 ([2]). Let G be a complex, semisimple, linear algebraic group, with Lie algebra 
Q. Let U be an irreducible, rational representation of G. If TZ is a Zariski- closed, G- 
invariant cone in U, and ifTZ^ {0}, then TZ contains a maximal vector for the Q-module 
U. 

The proof of this lemma is based on the classical Borcl fixed point theorem (cf. [10]), 
which insures that the action of the Borel subgroup B with Lie algebra i)(BQ'^ has a fixed 
point in the projectivization P{TZ) C P([/). 

Using the above two lemmas, and some standard facts about Lie groups and Lie algebras 
from Scrre's monograph [17], we can now pin down a maximal vector in each non-zero 
resonance variety associated to an irreducible g-rcprcscntation. 
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Proposition 4.4. Let q be a complex, semisimple Lie algebra, let V be an irreducible 
Q-module, and let K QV AV be a Q-submodule. If the resonance variety TZ = Ti-{V, K) is 
not equal to {0}, then TZ contains a maximal vector for the Q-module V* . 

Proof. As shown in [17], there is a unique simply-connected, complex, semisimple, linear 
algebraic group G such that Lie(G) = g. Furthermore, the vector space V supports a ratio- 
nal, irreducible representation of G, such that the associated infinitesimal representation 
of Lie(G) coincides with the given g-module structure on V. 

It follows that the subspace K C V A V is G-invariant. Hence, by Lemma 4.2, the 
set TZ = TZ{V, K) is also G-invariant. Of course, 7?, is a homogeneous variety, and thus 
a conical subset of V*\ furthermore, TZ ^ {0}, by assumption. Thus, all the hypothesis 
of Lemma 4.3 have been verified, and we conclude that TZ contains a maximal vector for 
V*. □ 



4.3. Decomposing a maximal vector. The following lemma generalizes Lemmas 3.5 
from [2] and 9.6 from [ i Although the proof follows in rough outline the proofs of those 
two previous results, we include here full details, for the reader's convenience. 

Lemma 4.5. Let V = V{X) be an irreducible Q-module, and let vx* be a maximal vector 
forV*. Let K be a Q-invariant subspace of V AV . Suppose v\* belongs to TZ{V, K) . Then, 
we may find an element vu G V* such that if we set u = v\t A w, we have u £ K-^ , u ^ Q, 
and ■ u — Q. 

Proof. Let I: V* ^ V* AV* denote left-multiplication by the element v\* in the exterior 
algebra on V* . By definition of resonance, the vector z;>,. belongs to TZ{V,K) if and only 
if im(£) n ^ 0. The Lie algebra 0+ annihilates the vector v\* ; hence, the linear map i 
is g^-equivariant. Thus, all we need to show is that the 0+-module im(^) n contains 
a non-zero vector u annihilated by 0+. 

This claim follows from Engel's theorem (cf. [9, Theorem 3.3]), provided each element 
of 0"*" acts nilpotently on K'^. To verify this nilpotence property, we may assume is 
0-irreducible, the general case following easily from this one. 

The Lie algebra 0"*" decomposes into a direct sum of 1-dimcnsional vector spaces, each 
one spanned by an element x^, with a running through the set of positive roots, Let 
jjL be the dominant weight corresponding to . Let A'j^ be a non-trivial weight space for 
K^, and let ai, . . . , G Then 

(25) xa, •••a;„,(/C) C/C, 

where v' = v + Yl\=i'^i- Suppose A'j; ^ 0; then, by maximality of /x, we may write 
v' = n — (3, for some element /3 in the positive cone, see [9, Theorem 20.2(b)]. Hence, 
Si=i cti ~ fi — ly — p. Since ai G 4>+ and f3 £ G+, we find that 

r 

(26) r < ht ^ Qfj^ < ht(^ - v). 

i=l 

Choosing an integer r strictly greater than ht{fi — v), for all v £ Weight (AT-'-), formula 
(26) guarantees that K:^;, = 0. From (25), it follows that each element of 0+ acts nilpotently 
on K^. This completes the proof. □ 
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4.4. A vanishing criterion. We now provide a test insuring that the resonance variety 
associated to a g-invariant subspace K C V AV does vanish. 

Theorem 4.6. Let V be an irreducible g-module of highest weight A, and let K be a 
Q-submodule of V AV . Suppose that 2A* — /i ^ A, for any fi G Weight^ (_ftr^). Then 
n{V,K) = {0}. 

Proof. Suppose TL = TZ{V, K) is non-zero. Then, by Proposition 4.4, the variety TZ C V* 
contains a maximal vector v\' for the irreducible g-module V* = ^(A*). We will use this 
fact, together with our assumption on the weight A*, to derive a contradiction. 
Lemma 4.5 yields an element w £ V* such that, if we set u = v\* A w, then 

(27) ueK^, u^O, g+-w = 0. 

Let V* = ®iygweight(y*) ^1^* be the weight decomposition of V* under the action of 
f); accordingly, write w = X^i/^fi where each w;^ belongs to V*, and thus has weight ly. 
Finally, set 

(28) ux'+i, = vx* A Wy. 

Note that ua*+i/ has weight A* + v. Hence, u = w^'+jy is the weight decomposition 
of the vector u e . Since is a g-submodule of V* AV* , it follows that each ux-^i, 
belongs to . 

Now, for each a G we have that XaU = 0; hence, Xq.ua*+i/ = for all v, by 
uniqueness of the weight decomposition. Finally, since m ^ 0, one of the components of u 
must be non-zero. Therefore, there is an index v such that 

(29) UA'+iyG/v-^, ux'+y^Q, g+ • UA--I-I/ = 0. 
Set ^l■.= \* + V. By (29), then, 

(30) [L € Wcight+(Js:^). 
For any simple root a G A, we have that 

(31) = XaUx'+v = ^aivx' A W^) = VX' A XaW^, 

and thus XaW^, G C • vx* ■ Suppose there is a simple root f3 such that xpWu ^ 0. A simple 
weight inspection reveals that 

(32) f3 + v = X*. 

Putting together (30) and (32), we obtain that 2A* - /i = /3 G A, with ^ G We\g\A^{K^), 
thereby contradicting our hypothesis. Therefore, XaWi, = 0, for all a G A, i.e., q'^ -Wi, = 0. 

On the other hand, we also know that Wi, ^ 0; thus, Wv is a maximal vector in V* = 
V{X*). Hence, G C • ua*. Therefore, ux*+v = "a* A w,y ~ 0, contradicting (29). Thus, 
7^={0}. □ 

Corollary 4.7. Let V be an irreducible g-module of highest weight X, and set V* = ^(A*). 
Let K be a g-submodule ofVAV, and suppose each irreducible summand of appears 
with multiplicity 1 in V* A V* . Then, the following conditions are equivalent: 

(1) n{V,K) = {Q}. 

(2) dime W(y,i4r) < oo. 

(3) 2X* - P i Weight+ (iiT-L), for all ^ £ A such that (^, A*) 7^ 0. 
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Proof. The equivalence (1) <^ (2) follows from Lemma 2.4. The implication (3) ^ (1) 
follows from Theorem 4.6 and Lemma 3.4. 

The assumption on multiplicities is used for the implication (1) (3). Indeed, set 
H := 2A* - /3, and suppose fj, e Weight"*" (/ST-'-), for some /? e A such that A*) ^ 0. 
In this case, there is a submodule W C isomorphic to On the other hand, 

the submodule K{X*,(3) C V* AV* is also isomorphic to V{^), by Lemma 3.5. Since 
the dominant weights of arc multiplicity-free in V* AV*, this forces K{X*,/3) — W. 
Hence, by Proposition 4.1, vx* is a non-zero vector in TZ{V, K), and we are done. □ 

5. Weyman modules 

In this section, we treat in detail the case when g — sl2(C). The representation theory 
of this simple Lie algebra is of course classical; for a thorough treatment, we refer to Fulton 
and Harris [(>]. 

The dual Cartan subalgebra, ()*, is spanned by functionals ti and ^2 (the dual coordi- 
nates on the subspace of diagonal 2x2 complex matrices), subject to the single relation 
ti+t2 =0. The set $"'" = A consists of a single simple root, /? = ti — ^2- The defining (2- 
dimensional) representation is V{Xi), where Ai — ti. Moreover, all the finite-dimensional, 
irreducible representations of 3(2 (C) are of the form 

(33) K = V{nM) = Sym„(y(Ai)), 

for some n > 0. Clearly, dim Vn ~ n+1. Furthermore, V* = Vn'- in other words, all irreps 
of s[2(C) are self-dual. 

For each n > 1, the second exterior power of Vn decomposes into irreducibles, as follows: 

(34) KAK -0V^2„-2-4j. 

In particular, all summands in (34) occur with multiplicity 1, and V2n-2 is always one of 
those direct summands. 

Proposition 5.1. Let K be an 512(C) -submodule ofVnAVn. The following are equivalent: 

(1) The variety TZ{Vm K) consists only of £ V* . 

(2) The C-vector space W{Vn-, K) is finite-dimensional. 

(3) The representation K contains V2T1-2 o-s a direct summand. 

Proof. Let us apply Corollary 4.7 to this situation. We have A* = A = nti and P ~ ti — 12; 
thus, (A*,/3) ^ and 2A* — /? = {2n — 2)Ai. The desired conclusion follows at once. □ 

Following Eisenbud [4], let us single out an important particular case of the above 
construction. 

Definition 5.2. For each n > 1, the corresponding Weyman module is W{n) = W{Vn, 
V2ri-2), viewed as a graded module over the polynomial ring Sym(l/„). 

Note that V2n-2 belongs to the set C^n-i-i,2(n-i-i)-3 from (8), and thus, it is in the critical 
range identified in Proposition 2.7. 

The first part of the next corollary recovers an assertion from [4]. 

Corollary 5.3. For each n > 1, the following hold. 

(1) The Weyman module W(n) = W{V„,V2n-2) has finite dimension as a C-vector 
space. 
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(2) Given an 512(C) -submodule K C Vn A Vn, the corresponding Koszul module yV(t^„, 
K) is finite- dimensional over C if and only if W{Vn, K) is a quotient ofW{n). 

As explained by Eisenbud in [4], Weyman showed that the vanishing of W,i_4(n), for 
ah n > 4, imphes the generic Green Conjecture on free resolutions of canonical curves. 

6. Alexander invariants and resonance varieties of groups 

6.1. The Alexander invariant of a group. Let G be a group, and let [x, y) — xyx~-^y~^ 
denote the group commutator. The derived subgroup, G' ~ (G, G), is a normal subgroup; 
the quotient group, Gab = G/G' , is the maximal abclian quotient of G. Also let G" = 
[G' ,G') be the second derived subgroup; then G/G" is the maximal metabelian quotient 
of G. 

The abelianization map, ab: G ^ Gab, factors through G/G" , yielding an exact se- 
quence, G' /G" G/G" Gab 0. Conjugation in G/G" naturally makes the 
abelian group G' /G" into a module over the group ring Z[Gab]. Following W. Massey [12], 
we call the complexification of this module, 

(35) B(G) := (G'/G") ® C = i?i(G',C), 

the Alexander invariant of G. By construction, B{G) is a module over the group algebra 
R = C[Gab], with module structure given hy h ■ g = hgh~^, for elements h E G/G', 
represented by /i G G, and g S G'/G", represented by g G G'. 

As a slight variation on this construction, let abf : G — ?> Gabf be the projection to the 
maximal torsion-free abelian quotient, Gabf = Gab/ Tors(Gab), and define the reduced 
Alexander invariant to be the vector space 

(36) i?(G) = iJi(kcr(abf),C), 

viewed as a module over the group algebra R = C[Gabf]. We then have an epimorphism 
B{G) — > B{G), equivariant with respect to the canonical projection i? — 5- i?. 

6.2. Infinitesimal Alexander invariant. For the rest of this section, we will assume 
G is a finitely generated group. Set V = i?i(G, C), and identify the dual vector space, 
V*, with iJi(G,C). Let Ua- V* AV* H^{G,C) be the cup-product map. Its kernel, 

C V* AV*, is the orthogonal complement to a linear subspace K C V AV; put another 
way, K = im{dG), where da ■ H2{G, C) F A 1^ is the transpose of Uq. 

Let us define the infinitesimal Alexander invariant of G to be the S'-module 

(37) ^{G)=W{V,K), 

where S — Sym(l/). It is readily seen that this definition agrees with the one from [13], 
modulo a degree shift by 2. 

Now let / be the augmentation ideal of the ring R = C[Gab]. The powers of / define a 
filtration on the Alexander invariant of G; the associated graded object, 

(38) grS(G) = 0/'i3(G)//''+ii?(G), 

q>0 

may be viewed as a graded module over the ring gr R ~ S. Similar considerations apply 
to the S'-module gr i3(G). 

Work from [12, 13, 1-5] as well as [1, Proposition 2.4], implies that 

(39) dime gr, S(G) = dime gr^ i?(G) < dime <B,(G), 
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for all q>0. 

6.3. The formal situation. Now suppose the (finitely generated) group G is 1-formal, 
i.e., its Malcev Lie algebra m{G) is the completion of a quadratic Lie algebra (we refer to 
[1.3] for more details on this notion). Then, it follows from [.3] that 

(40) gTB{G)^'B{G), 

as graded vector spaces. 

Recall that an i?-module M is said to be nilpotent ii I'' ■ M = 0, for some q > I- 
Clearly, if M is nilpotent, then M = grM, as vector spaces. The following corollary is 
now immediate. 

Corollary 6.1. Suppose G is a l-formal group. Then: 

(1) gr B{G) = gr B{G) = ^{G), as graded vector spaces. 

(2) If b{g) is nilpotent, then dime B{G) = dimc*8(G') < oo. 

(3) IfB{G) is nilpotent, then dime B{G) = dimc*8(G') < oo. 

6.4. Resonance varieties of groups. As before, let G be a finitely generated group, 
with V* = i/^(G, C) and = kcr(UG) CV* AV*. The resonance variety of G is then 
defined as 

(41) n{G)=n{v,K). 

This definition coincides (at least away from the origin) with the usual definition of the 
first resonance variety, TZ\{G,C). 

Proposition 6.2. Let V be an n-dimensional C-vector space. 

(1) For any linear suhspace K (~V /\V defined over Q, there is a finitely presented, 
conimutator-relators group G with V* = H^{G,€.) and = kcr(UG). 

(2) Ifm> 2n - 3, the Zanski open set Un^m = {K G Gr™(F A V) \ Tl{V,K) = {0}} 
contains a rational m-plane. 

Proof. To prove (1), fix a basis ei, . . . , e„ for V ^ and pick a basis wi, . . . , v„i for A', with 
entries Vk = J2i<i<j<n'^i,j^i ^ having integral coefficients. Consider the group with 
presentation G = (xi, . . . , a;„ | ri, . . . ,r„i), where = ni<i<i<ri(^i' ^i)'''^'' • ^ standard 
Fox calculus computation shows that K = imidc)- 

To prove (2), note that the rational points in C"* form a Zariski-dense subset. Hence, 
the conclusion follows from Proposition 2.7. □ 

As an immediate corollary, we see that the bound from Proposition 2.7 is sharp, even 
for m-planes coming from finitely presented groups. 

Corollary 6.3. For each n > 2, there is a finitely presented group G such that bi{G), 
codim(ker(UG)) = 2n - 3, and n{G) = {0}. 

Example 6.4. For n = 4, consider the group 

G = {Xi, . . . ,X4 I (a;i,X2), {X2,X3), {X3,X4), {xi,X4), {xi,X3) ■ {X2,X4)). 

In Pliickcr coordinates, the Grassmannian Gr2(C^) C P(C^) is given by the equation 
P12P34 -P13P24 +P23P14 = 0, while the plane ¥{K-^) = P(ker(UG)) G P(C^) is given by 
P12 = P23 = P34 = Pi4 = P13 +P24 = 0. Clearly, ¥{K-'-) n Gr2(C'') = 0; thus, by Lemma 

2.5. TZ{G) = {0}. 
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Finally, recall that the deficiency of a finitely presented group G, written def(G), is the 
suprcmum of the difference between the number of generators and the number of relators, 
taken over all finite presentations of G. 

Corollary 6.5. LetG be a finitely presented group. Suppose TZ{G) — {0}. Then dei{G) < 
3-6i(G). 

Proofi Let G = (a;i,...,Xm | ri,...,rg) be a finite presentation. Set n = hiiG) and 
k = dim(im(9G)). Then k < 62(G) < q — m + n. From the hypothesis and Proposition 
2.7, we have that 2n — 3 < fc. Thus, 2n — 3 < q — m + n, and so m — q < 3 — n. The 
conclusion follows. □ 



7. TORELLI GROUPS AND VANISHING RESONANCE 

7.1. Torelli groups of free groups. Let Fn be the free group on n generators. Identify 
the group H — (Fn)ah with Z" and the group Aut(Z") with GL„(Z). As is well-known, 
the Torelli group, 0A„ = 7f„, is finitely generated. Furthermore, the canonical homo- 
morphism Out(_F'„) — > GL„(Z) is surjective; thus, there is a natural GL„(Z)-action on the 
homology groups of 0A„. 

Work of Andreadakis, Cohen-Pakianathan, Farb and Kawazumi (see [16]) shows that 
the action by restriction of SL„(Z) on = lfi(OA„,C) extends to a rational, irre- 
ducible representation of the simply-connected, complex, scmisimple, linear algebraic 
group SL„(C), and thus, of the Lie algebra s[„(C), which can be explicitly identified. 

Following Fulton and Harris [G] , denote by ti , . . . , t„ the dual coordinates of the diagonal 
matrices from 0[„(C), and set Xi = ti + ■ ■ ■ + ti, for 1 < i < n. Let (i„ be the (diagonal) 
Cartan subalgebra of s[„(C); then fj* = C-span{ii, . . . ,t„}/C • A„. The standard set 
of positive roots is ~ {ti ~ tj \ l<i<j<n}, while the set of simple roots is 
A = {ti — ti+i \ I < i < n — I}. The finite-dimensional irreducible representations of 
sl„(C) arc parametrized by tuples (ai, . . . , a„_i) of non- negative integers; to such a tuple, 
there corresponds an irreducible representation V{X), with highest weight A = cLzK- 

The following theorem recovers a result from []■"]. 

Theorem 7.1. For each n> A, the resonance variety 7?.(0A„) vanishes. 

Proof. Let V* = i7^(0A„,C), and let CV*^V* be the kernel of the cup-product map 
in degree 1. Set A = A2 -f- A„_i, so that A* = Ai + A„_2, and also set /i = Ai 4- A„_2 + A„-i. 
As shown by Pettet in [16], V* = V{\*) and = V{pL), as sI„(C)-modules. 

It is immediate to see that 2A* — fi ~ ti — t„_i is not a simple root. It follows from 
Theorem 4.6 that TKV, K) = {0}. □ 

Remark 7.2. When n = 3, the above proof breaks down, since ti — ^2 is a simple root. 
In fact, = V* AV* in this case, and so lliV, K)^V*. 

Corollary 7.3. For each n > 4, let V = V^(A2+A„_i) and let = V"(Ai+A„_2+A„-i) C 
V* /\V* he the Pettet summand, as above. Then dim W(V, A') < 00 and dimgr^ i?(OA„) < 
dimW,(V^, AT), for allq>0. 



Proof. Follows from Lemma 2.4 and inequality (39). 



□ 
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7.2. Torelli groups of surfaces. Let Eg be a Ricmann surface of genus g, and let Tg = 

7^j^(2 ■) be the associated Torelli group. For g < 1, the group Tg is trivial, while for g — 2, 
it is not finitely generated. So we will assume from now on that g > 3, in which case it is 
known that Tg is finitely generated. 

The canonical homomorphism Out^(7ri(I]g)) — Sp2g(Z) is surjeetive; thus, there is a 
natural Sp2g(Z)-action on the homology groups of Tg. Work of D. Johnson [11] shows that 
the action of Sp2g(Z) on V = Hi{Tg,C) extends to a rational, irreducible representation 
of the simply-connected, complex, semisimple, linear algebraic group Sp2g(C), and thus, 
of the Lie algebra sp2g(C). 

Let f) C sp2g{C) be the Cartan subalgebra of diagonal matrices, and let ti, ... ,tg be the 
standard basis of f)*, orthogonal with respect to the dual Killing form. As in [(i], we take 
the set of simple roots to be A = {ti — t2, ^2 — ^3, • • ■ , ^g-i ~ tg, 2tg}. The fundamental 
dominant weights are Xi = ti + ■ ■ ■ + ti, with 1 < i < g. The finite-dimensional irreducible 
representations of sp2g{C) are parametrized by tuples (ai, . . . , ag) of non-negative integers; 
to such a tuple, there corresponds an irreducible representation V{X), with highest weight 

The following theorem recovers a result from [2]. 

Theorem 7.4. For each g > 4, the resonance variety TZ{Tg) vanishes and dhnyV{V, K) < 
oo. 

Proof. Let V* = i/^(7^,C), and let K'-^ cV* AV* be the kernel of the cup-product map 
in degree 1. Work of Hain [7] identifies these sp2g(C)"i'6presentation spaces, as follows: 
V* = ViXs) and = V"(2A2) © V{0). Moreover, the decomposition of V* A V* into 
irreducibles is multiplicity-free. 

Let us apply Corollary 4.7 to this situation. The only simple root /3 G A such that 
(A3,/3) ^ is /3 = is - ^4- Clearly, 2X3 - P = X2 + A4 does not belong to Weight+(A'^). 
Hence, TZiV, K) = {0}. By Lemma 2.4, dim>V(y, K) < 00. □ 

Remark 7.5. When g = 3, the above proof breaks down. Indeed, take /3 = 2tz & A; then 
(A*,/3) ^ and 2A* - /3 = 2A2 belongs to Weight+(A'-L). Hence, n{V,K) ^ {0}. In fact, 
= V* A V* in this case, and thus n{V, K) = V* . 

Corollary 7.6. For each g > 6, let V = V^Xs) and = V^(2A2) © F(0). Then 
AmiB{Tg) =&miW{V,K). 

Proof. As shown in [7], the group Tg is 1-formal, as long as g > 6. Furthermore, as shown 
in [1], the i?-module B{Tg) is nilpotent, provided g > 4. The conclusion follows from 
Corollary 6.1(3), and the fact that all representations of sp2g(C) are self-dual. □ 

Acknowledgments. This work was started while the first author visited Northeastern 
University, in Spring, 2011; he thanks the Northeastern Mathematics Department for its 
support and hospitality. Part of this work was carried out while both authors visited the 
Max Planck Institute for Mathematics in Bonn in April-May 2012; we both wish to thank 
MPIM for its support and excellent research atmosphere. The work was completed while 
the second author visited the Institute of Mathematics of the Romanian Academy in June, 
2012; he thanks IMAR for its support and hospitality. 



18 



STEFAN PAPADIMA AND ALEXANDER I. SUCIU 



References 

[1] A. Dimca, R. Hain, S. Papadima, The abelianization of the Johnson kernel, preprint 

arxiv: 1101. 1392, to appear in J. Eur. Math. Soc. 6.2, 7.2 
[2] A. Dimca, S. Papadima, Arithmetic group symmetry and finiteness properties of Torelli groups, 

preprint arxiv: 1002.0673. 1.3, 4.2, 4.3, 4.3, 7.2 
[3] A. Dimca, S. Papadima, A. I. Suciu, Topology and geometry of cohomology jump loci, Duke Math. 

Journal 148 (2009), no. 3, 405-457. MR2527322 6.3 
[4] D. Eisenbud, Green's conjecture: an orientation for algebraists. Free resolutions in commutative 

algebra and algebraic geometry (Sundance, UT, 1990), 51-78, Res. Notes Math., no. 2, Jones and 

Bartlett, Boston, MA, 1992. MR1165318 1.2, 5, 5, 5 
[5] R. Proberg, C. Lofwall, Koszul homology and Lie algebras with application to generic forms and 

points, Homology Homotopy Appl. 4 (2002), no. 2, part 2, 227-258. MR1918511 2.4 
[6] W. Pulton, J. Harris, Representation theory, Grad. Texts in Math., vol. 129, Springer- Verlag, New 

York, 1991. MR1153249 5, 7.1, 7.2 
[7] R. Hain, Infinitesimal presentations of the Torelli groups, J. Amer. Math. Soc. 10 (1997), no. 3, 

597-651. MR1431828 1.3, 7.2, 7.2 
[8] J. Harris, Algebraic geometry, Grad. Texts in Math, vol. 133, Springer- Verlag, New York, 1992. 

MR1182558 2.3 

[9] J. E. Humphreys, Introduction to Lie algebras and representation theory, Grad. Texts in Math., vol. 9, 

Springer- Verlag, New York, 1972. MR0323842 3.1, 3.2, 3.4, 4.3, 4.3 
[10] J. E. Humphreys, Linear algebraic groups, Grad. Texts in Math., vol. 21, Springer- Verlag, New 

York-Heidelberg, 1975. MR0396773 4.2 
[11] D. Johnson, The structure of the Torelli group HI; The abelianization of T, Topology 24 (1985), 

no. 2, 127-144. MR0793179 1.3, 7.2 
[12] W. Massey Completion of link modules, Duke Math. J. 47 (1980), no. 2, 399-420. MR0575904 6.1, 

6.2 

[13] S. Papadima, A. I. Suciu, Chen Lie algebras. International Math. Research Notices 2004 (2004), 

no. 21, 1057-1086. MR2037049 2.4, 6.2, 6.2, 6.3 
[14] S. Papadima, A. Suciu, Algebraic invariants for right-angled Artin groups. Math. Annalcn 334 (2006), 

no. 3, 533-555. MR2207874 2.4, 2.9 
[15] S. Papadima, A. Suciu, Homological finiteness in the Johnson filtration of the automorphism group 

of a free group, preprint arxiv: 1011 . 5292, to appear in J. Topol. 1.3, 4.3, 6.2, 7.1 
[16] A. Pettet, The Johnson homomorphism and the second cohomology o/IA„, Algebr. Geom. Topol. 5 

(2005), 725-740. MR2153110 1.3, 7.1, 7.1 
[17] J. -P. Serre, Complex semisimple Lie algebras. Reprint of the 1987 edition. Springer- Verlag, New York, 

2001. MR1808366 4.2, 4.2 

SiMiON Stoilow Institute of Mathematics, P.O. Box 1-764, RO-014700 Bucharest, Romania 
E-mail address: Stefan.PapadimaSimar.ro 

Department of Mathematics, Northeastern University, Boston, MA 02115, USA 
E-mail address: a. suciuSneu. edu 



